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∫ Extra change of variables ∫ 

I. Use an adequate change of variable to calculate the following integrals :  
 

1. 

I = 1− x2

0

1

∫ dx let  x = sinu  ⇔ u = arcsin x  and  dx = cosu du  

 x = 0 ⇒ u = arcsin(0) = 0  and  x = 1⇒ u = arcsin(1) = π
2

  then :

 I = (cosu)2

0

π
2∫ du =

cos2u +1
20

π
2∫ du =

1
2

sin2u
2

⎡
⎣⎢

⎤
⎦⎥0

π
2
+

1
2
u[ ]0

π
2 =

π
4

   

 

2. 

J =
1

1− x20

1

∫ dx  let  x = sinu  ⇔ u = arcsin x  and  dx = cosu du  

x = 0 ⇒ u = arcsin(0) = 0  and  x = 1⇒ u = arcsin(1) = π
2

  then :

          I = cosu
1− sin2 u0

π
2∫ du =

cosu
cosu0

π
2∫ du = 1

0

π
2∫ du = u[ ]0

π
2 =

π
2

 

 

3. 

K =
1

1+ x20

1

∫ dx  let  x = tanu ⇒  dx = (1+ tan2 u). du  ;  u = arctan x  

x = 0 ⇒ u = arcs tan(0) = 0  and  x = 1 ⇒ u = arcs tan(1) = π
2

  then :

                       K =
1+ tan2 u
1+ tan2 u0

π
2∫ du = 1

0

π
2∫ du = u[ ]0

π
2 =

π
2

 

 
II. Without calculating the value of each integral, prove by an adequate change of variable that : 

 

1. I = (sin x)3 cos xdx
0

π
2∫   and  J = (cos x)3 sin xdx

0

π
2∫ , prove that  I I = J J   

I = (sin x)3 cos xdx
0

π
2∫   let  x = π

2
− u ⇒  dx = −du  ;  u =

π
2
− x

sin x = sin π
2
− u⎛

⎝⎜
⎞
⎠⎟
= cosu   and   cos x = cos π

2
− u⎛

⎝⎜
⎞
⎠⎟
= sinu

x = 0 ⇒ u =
π
2

  and  x = π
2
⇒ u = 0  then 

I = cosu( )3 sinu  (− π
2

0

∫ du) = − cosu( )3 sinu  π
2

0

∫ du = cosu( )3 sinu  
0

π
2∫ du = J

 

 
 

2. Kn = (1− x2 )n dx
−1

1

∫    and   K 'n = (x2 −1)n dx
−1

1

∫ , prove that K K’n = (-1)nKn K   

′Kn = (1− x2 )n dx
−1

1

∫  = (-1)n (x2 −1)n dx
−1

1

∫    No Change of variable !!! 
 



北京景山学校   . ANSWERS  . 
Mathematics - Calculus ++. - Senior 2.4  Exercises – May 27 – p.2/2  

jiguanglaoshi@gmail.com  - http://beijingshanmaths.org 

3. In = (sin x)n dx
0

π
2∫   and  Jn = (cos x)n dx

0

π
2∫  , prove that I In = Jn J   

In = (sin x)n dx
0

π
2∫   let  x = π

2
− u ⇒  dx = −du  ;  u =

π
2
− x

sin x = sin π
2
− u⎛

⎝⎜
⎞
⎠⎟
= cosu   ;   x = 0 ⇔ u =

π
2

  ;  x = π
2
⇔ u = 0

∴  I = cosu( )n (− π
2

0

∫ du) = − cosu( )nπ
2

0

∫ du = cosu( )n
0

π
2∫ du = Jn

 

 

4. Kn = (1− x2 )n dx
−1

1

∫    and   In = (sin x)n dx
0

π
2∫   , prove that K Kn = 2 I2n+1 I   

 

Kn = (1− x2 )n dx
−1

1

∫    let  x = sinu ⇒  dx = cosu. du  ;  

1− x2 = cos2 u   ;   x = −1 ⇔ u = −
π
2

  ;  x = 1 ⇔ u =
π
2

∴  Kn = cosu( )2n+1

−
π
2

π
2∫ du = cosu( )2n+1

−
π
2

0

∫ du + cosu( )2n+1

0

π
2∫ du = 2J2n+1 = 2I2n+1

 cosu( )2n+1

−
π
2

0

∫ du = cos(−u)( )2n+1
π
2

0

∫ d(−u) = − cosu( )2n+1
π
2

0

∫ du = cosu( )2n+1

0

π
2∫ du

 

 

5. Calculate F(x) = ln 1+ 1
t

⎛
⎝⎜

⎞
⎠⎟x

1

∫ dt    and    G(x) = ln 1− 1
t

⎛
⎝⎜

⎞
⎠⎟−1

x

∫ dt   , prove that G G(x) = F(-x) x   

G(x) = ln 1− 1
t

⎛
⎝⎜

⎞
⎠⎟−1

x

∫ dt  let  u = -t  ⇒ dt = -du   ;  t = -1 ⇔ u = 1  ;   t = x ⇔ u = -x

∴ ln 1− 1
t

⎛
⎝⎜

⎞
⎠⎟−1

x

∫ dt = ln 1+ 1
u

⎛
⎝⎜

⎞
⎠⎟1

− x

∫ (−du) = − ln 1+ 1
u

⎛
⎝⎜

⎞
⎠⎟1

− x

∫ du = ln 1+ 1
u

⎛
⎝⎜

⎞
⎠⎟− x

1

∫ du = F(−x)

 

6. Calculate F(x) = t 2

0

x

∫ etdt    and    G(x) = t 2e− t
0

x

∫ dt   , prove that G G(x) = -F(-x) x   

G(x) = t 2e− t
0

x

∫ dt   let  u = -t  ⇒ dt = -du  ;  t = 0 ⇔ u = 0  ;   t = x ⇔ u = -x

             ∴   t 2e− t
0

x

∫ dt = (−u)2eu
0

− x

∫ d(−u) = − u2eu
0

− x

∫ du = −F(−x)
 

 

III. 

Let   F(x) = te− pt dt
0

x

∫  = - 1
p
te− ptdt⎡

⎣
⎢

⎤

⎦
⎥

0

x

+
1
p

e− pt dt
0

x

∫

= - 1
p
te− ptdt − 1

p2 e
− pt⎡

⎣
⎢

⎤

⎦
⎥

0

x

= - 1
p
xe− pxdt − 1

p2 e
− px + 0 +

1
p2

 and   lim
x→+∞

 F(x) = −0 − 0 + 0 +
1
p2 ⇔ te− pt dt

0

+∞

∫  = 1
p2

 

 

Fn (x) = t ne− pt dt
0

x

∫  =  - 1
p
t ne− pt⎡

⎣
⎢

⎤

⎦
⎥

0

x

+
n
p
Fn−1(x) =  - e

− pt

p
(t n + t n−1 + ...+ t

⎡

⎣
⎢

⎤

⎦
⎥

0

x

+
n!
pn
F0 (x) 

∴ t ne− pt dt
0

+∞

∫ = lim
x→+∞

t ne− pt dt
0

x

∫ =
n!
pn

e− pt dt =
0

+∞

∫
n!
pn

1
p

lim
x→+∞

 -e− ptx +1⎡⎣ ⎤⎦0

x
=

n!
pn+1

 


