IERFLER SOLUTION
Mathematics - Calculus ++. - Senior 2.4 Exercise # I1.(5) & (6) — March 25 - p.1/2
jiguanglaoshi@gmail.com - http://beijingshanmaths.org

Problem I1.(5.1) : Let F(x)= (1— lj

X

1
1. By definition the function F is composed of the two functions f(x)= (1 - —j and u(x)=2x
X

such that F()= Exp| In[(£(0))""" | = Exp(u() n[ £ (x)]) = ") = e

Therefore f{x) must be strictly positive, which means that x < 0 or x > I

2. The derivative of F(x) is F”(x) = [ f(x)]"" {u'(x).ln[ FOo+u(o L '(x)} ] = L
f(x) (x)
[ 1
F’(x)=(l—l) i 2.ln(1—l)+2x.xx_21 = 2(1_1) ' {1n(1_lj+ 1_1}

3. Sgn[F'(x)]=Sgn[ln(1—l +L} forx <Oorx>1.Letu(x)= ln(l—l)+L
X

x—1 x) x-—1
1
yon X2 1 1 Hence u’(x) > 0 for x <0 and u’(x) < 0 for x > 1
u(x) = - 2 T 2
x=1 (x-1) x(x—1)
X
4. Study of the Variations of F 0 I n
The function u is increasing on ]-o ; 0 [ X i *
and decreasing on ] 1 ; +oo [, but the | ¢ ‘ @ I L
limits of u(x) at +oo are 0" (because Inl = g [u'()] | |
0) ; hence u(x) is always Positive on ]-c0 | Variations & ” /711111117 \
;0 W]l ; +oo [, this proves that the | Sign ofu(x) |0" @ 1117771111 @ 0
functlon Fis 1ncreasmg on both intervals
J-o;0[and ] 1;+oo [. Var. of F(x) et U\ ot e
5. Study of the limits at the ends of the intervals |-co; 0 [U] 1 ; +oo |

(a) hm F(x)=1 because lim xln(l—lj_ lim [xIn(1—x)+ (=x)In(-=x)] (x<0)

x—0" X x—0"

= hm[xln(l x)]+ hm[( x)ln( )]:OXln1+O:O (See later that thgl [XInX]=07)

x—0"

Then by continuity of the Exp. function }(in%[Epr ]=e’=1..lim F(x)=1

x—0"

1
(b) hm F(x)=0 because lim xln(l - —) —oo (x>1) and Xlim [ExpX]=0" .. lim F(x)=0"
—>—oo x—>1*

x—1% X

Hence to extend the function F by continuity at x =0 and x = 1 we may fix F(0) =1 and F(1) = 0.

1
1 IH(H ] In(1+ X) 1
- +
(1——j—lim—#:—lim— —In’(1) = -1
X x—>Foo 1 X—0* X ]

1
(¢) lim F(x) = because lim xIn
x—>too e

X—>Foo

1 1 1
. lim F(x) = hm Exp2xln(1 - —) Exp(-2)=e¢" = — =0.14 (.. asymptote : y=— in +% and in-)
X e e

x—>too
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Problem I1.(5.2) : Let F(x)= (——lj

X

1
6. By definition the function F is composed of the two functions f(x)= (— - lj and u(x)=2x
X

such that F'(x)= EXp[ln[(f(x))”(x)}: Exp(u(x)In[ f(x)]) = ") = ezm(}_l]

Therefore f{x) must be strictly positive, which means that 0 <x </

7. The derivative of F(x) is F’(x) =[f(x)]"" {u'(x).ln[ f(x)]+u(x).f (x)} o I’ f(x)] = (%)
J(x) (%)
[ 1
F’(x) =(l— ) 2.ln(l—1)+2x. X =2(l—1){ln(l—lj— ! }
x x I-x x x 1-x
L X
1 1 1 1
8. Sgn[F’ (x)]—Sgn - ——|for 0 <x <1.Letu(x) = In|——1|-——
X I—x X I—x
W(x) = X _ Hence w’(x) <0 for 0 <x < 1
1-x (x—l) x(x—1>2
X
Study of the Variations of F 0 I m
The function u is decreasingon]0; 1 [, X e a x

.. . + . R .
but the limits of u(x) in 0" is +oos and is | g0y )7 | 1111 — W
- oo in 1". Hence the function u changes

sign in one point a, on ] 0 ; 1 [ | Variations & | /WMo s = ool
This proves that the function F is | Signofuy) |/ @ O — |y
increasing on ]0 ; a] and decreasing

on]a;l[, witha maximum m = f(a). |Var. of F(x) I T me s O g

10. Study of the limits at the ends of the interval | 0 ;1 [
(a) hm F(x)=1 because xll)l’on xln(% - 1) = xlir(1)1+[xln(1 x) xIn(x)] O<x<1)
= xlir(? [xln(l x)] — hm [xlnx] 0xInl-0"=0" (Xli_>r{)1+[XlnX] =0")
Then by continuity of the Exp. function lim[ ExpX]= e’ =1.. lim F(x)=1
(b) hm F(x)=0 because }LI‘? xln(i - lj =—o0 (0<x<1)and )}erlw[Epr] =0 - }E’? F(x)=0"
o y
11. Graph of the function |F(x) = o 1 o

It’s the réunion of the graphs or the two
previous function functions.

The approximate values of a and
m = F(a), can be determined with a calulator.
The position of the tangent lines at (0;1) and
at (1;0) is a more complicated question that

will be studied later ... : : N




