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April 27, 2011 

Special Series in Geometry (3) 
Rieman’s Integral’s sum 

0. Pove the following formulas : 

 
Sn = 1+ 2 + 3+ ...+ n = i

i=1

n

∑ =
n(n +1)

2
    2Sn = n(n +1) ;   and   Tn = 12 + 22 + 32 + ...+ n2 = i2

i=1

n

∑ =
n(n +1)(2n +1)

6
 

(1+1)3 = 13 + 3×12 ×1+ 3×11 ×12 +1
(2 +1)3 = 23 + 3× 22 ×1+ 3× 21 ×12 +1

         (3+1)3 = 33 + 3× 32 ×1+ 3× 31 ×12 +1
      ...............................................................
(n)3 = (n −1)3 + 3× (n −1)2 ×1+ 3× (n −1)1 ×12 +1

(n +1)3 = n3 + 3× n2 ×1+ 3× n1 ×12 +1
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by adding all  these equalities
and  reducing the common terms,
               we get :

(n +1)3 = 1+ 3 i2
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n

∑ + 3 i
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∑ + n
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⇔ n3 + 3n2 + 2n = 3 i2

i=1

n

∑ + 3 i
i=1

n

∑ ⇔ 3 i2

i=1

n

∑ = n(n2 + 3n + 2) − 3n(n +1)
2

=
n(n +1)(2n +1)

2
⇔ i2

i=1

n

∑ =
n(n +1)(2n +1)
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1.  Construction of the basic patterns : 

                                  
In these two graphics the Interval [0,1] is divided into n = 10 equal parts. 

2. Evaluate the area of the rectangles defined by this division into 10 parts : 

 The area of each rectangle is 1
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3. Evaluate the area of the rectangles defined by a division into n equal parts : 

An =
1
n2 i

i=0

i=n−1

∑ = (n −1)n
2n2 =

n −1
2n

                                     Bn =
1
n3 i2
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∑ =
n −1( )n(2n −1)
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2n2 − 3n +1
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4. Find the limits A and B of (An) and (Bn) : 
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5. One formula to get the area under the curve of a function f on [0;1] is :S =
1
n
f i
n
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